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Abstract 

Instanton calculations in QCD are generically plagued by infrared 
divergencies associated with the integration over the instanton size p. 
Here, we demonstrate explicitly that the typical inverse hard momen- 
tum scale Q~ l in deep-inelastic scattering provides a dynamical in- 
frared cutoff for the size parameter p. Hence, deep-inelastic scattering 
may be viewed as a distinguished process for studying manifestations 
of QCD-instantons. For clarity, we restrict the explicit discussion 
to the simplest chirality- violating process, 7* + g — ► cfx + <\r • We 
calculate the corresponding fixed angle cross-section as well as the 
contributions to the gluon structure functions, Tig and Tlo, within 
standard instanton perturbation theory in leading semi-classical ap- 
proximation. To this approximation, fixed-angle scattering processes 
at high Q 2 are reliably calculable. In the Bjorken limit, the considered 
instanton- induced process gives a scaling contribution to T2 g {x,Q 2 ) 
and the Callan-Gross relation holds. 



1 Introduction 



Instantons [p]] are well known to represent tunnelling transitions in non- 
abelian gauge theories between degenerate vacua of different topology. These 
transitions induce processes which are forbidden in perturbation theory, but 
have to exist in general || due to Adler-Bell-Jackiw anomalies. Correspond- 
ingly, these processes imply a violation of certain fermionic quantum num- 
bers, notably, B + L in the electro- weak gauge theory and chirality (Q5) in 
(massless) QCD. 

An experimental discovery of such a novel, non-perturbative manifesta- 
tion of non-abelian gauge theories would clearly be of basic significance. 

A number of results has revived the interest in instanton-induced pro- 
cesses during recent years: 

• First of all, it was shown [Q, || that the generic exponential suppression 
of these tunnelling rates, oc exp(— An/a), may be overcome at high 
energies, mainly due to multi-gauge boson emission in addition to the 
minimally required fermionic final state. 

• A pioneering and encouraging theoretical estimate of the size of the 
instanton (/) induced contribution to the gluon structure functions 
in deep-inelastic scattering was recently presented in Ref. ||. The 
summation over the /-induced multi-particle final state was implic- 
itly performed by starting from the optical theorem for the virtual 
1*9 1*9 forward amplitude. The strategy was then to evaluate the 
contribution to the functional integral coming from the vicinity of the 
instanton-antiinstanton (II) configuration in Euclidean space, to an- 
alytically continue the result to Minkowski space and, finally, to take 
the imaginary part. While the instanton-induced contribution to the 
gluon structure functions turned out to be small at larger values of the 
Bjorken variable x, it was found in Ref. || to increase dramatically 
towards smaller x. 

• Last not least, a systematic phenomenological and theoretical study 
is under way || 0, [8|, [|, which clearly indicates that deep- inelastic 
ep scattering at HERA now offers a unique window to experimentally 
detect QCD-instanton induced processes through their characteristic 
final-state signature. The searches for instanton-induced events have 
just started at HERA and a first upper limit of 0.9 nb at 95% confidence 
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level for the cross-section of QCD-instanton induced events has been 
placed by the HI Collaboration [jlQ] . New, improved search strategies 



are being developped |J with the help of a Monte Carlo generator 
(QCDINS 1.3) |7j for instanton- induced events. 

The central question is, of course, whether instanton-induced processes 
in deep-inelastic scattering can both be reliably computed and experimen- 
tally measured. In particular, whether contributions associated with the 
non-perturbative vacuum structure can be controlled in the same way as 
perturbative short-distance corrections, in terms of a hard scale Q. 

In the work of Refs. || |TT|] on deep-inelastic scattering, the integrals 



over the instanton size p were found to be infrared (IR) divergent, like in a 
number of previous instanton calculations in different areas. Yet, the authors 
claimed that this problem does not affect the possibility, to isolate in deep- 
inelastic scattering a well-defined, IR-finite and sizable instanton contribution 
in the regime of small QCD-gauge coupling, on account of the (large) photon 
virtuality Q 2 . The IR-divergent pieces of the /-size integrals were supposed 
to be factorizable into the parton distributions, which anyway have to be 
extracted from experiment at some reference scale. 

On the other hand, also IR-finite instanton contributions to certain ob- 
servables in momentum space have been found in the past f!2| , p~3f| . In this 
ideal case, the size of the contributing instantons is limited by the inverse 
momentum scale Q _1 of the experimental probe, as one might intuitively 
expect. No ad hoc cutoff or assumption about the behaviour of large, over- 
lapping instantons need be introduced. 

A main issue of the present work is to shed further light on these impor- 
tant questions around the IR-behaviour associated with the instanton size in 
deep-inelastic scattering. This paper represents the first of several papers in 



preparation , containing our theoretical results on /-induced processes in 
the deep-inelastic regime. 

For clarity, let us reduce here the realistic task of evaluating the /-induced 
cross-sections of the chirality violating multi-particle processes (illustrated in 

Fig- 0) _ _ _ 

7* + g uI + ur +d L + d R +sZ + s R +n g g, (1) 

to the detailed study of the simplest one, without additional gluons and with 
just one massless flavour (n/ = 1), 

l*(q)+g(p)^m:(ki)+qR(k 2 ). (2) 
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Figure 1: Instanton-induced chirality-violating process, 

7* + g — > ^flavours [ox + 1r] + n s S> corresponding to three massless flavours 

(n, = 3). 



The price is, of course, that this process only represents a small fraction of 
the total /-induced contribution to the gluon structure functions. 
However, there are also a number of important virtues: 
The present calculation provides a clean and explicit discussion of most 
of the crucial steps involved in our subsequent task []14j to calculate the 
dominant /-induced contributions. While unessential technical complications 
have been eliminated here, a generalization to the realistic case with gluons 
and more flavours in the final state is entirely straightforward [II, 15]. We 



shall explicitly calculate the corresponding fixed angle cross-section and the 
contributions to the gluon structure functions in leading semi-classical ap- 
proximation within standard instanton perturbation theory (Sect. 3). Gauge 
invariance is kept manifest along the calculation and we may compare at 
various stages with the appropriate chirality-conserving process, calculated 
in leading order of perturbative QCD. 

As a central result of this paper and unlike Ref. |J, we find no IR diver- 
gencies associated with the integration over the instanton size p, which can 
even be perfomed analytically. We are able to demonstrate explicitly that 
the typical hard scale Q in deep-inelastic scattering provides a dynamical in- 
frared cutoff for the instanton size, p < 0(1/ Q). Additional gluons in the final 
state will not change this conclusion, as is briefly outlined in Sect. 4. Thus, 
deep-inelastic scattering may indeed be viewed as a distinguished process for 
studying manifestations of QCD-instantons. 
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2 Setting the Stage 



Let us start with the matrix elements T M (g,p; k±, . . . , k n ) of the general, ex- 
clusive photon-parton reactions 

l*(q)+p-^k 1 + ... + k n} (3) 

in terms of which we form the inclusive structure tensor Wg u of the parton 
P, 

oo 

WiV'P) = E W r {n) (<?,P), with (4) 

n=l 

Wj?M{q,p) = -L JdPS^r^q,p;k 1 ,...,k n )r^(q,p;k 1 ,...,k n ),(5) 



and 



/ dPSM = n / ^ ^ (+) (*?) (2 vr) 4 (g + p - fc! - . . . - k n ) . (6) 

Averaging over colour and spin of the initial state is implicitly understood in 
Eq. (H); the index n is to label besides the final state partons also their spin 
and colour degrees of freedom. 

For exclusive 2 — > 2 processes, j*(q) + p — » k\ + k 2 , the differential cross- 
section is then expressed as 



da , x 
31 a Qt 



dt 



dW^ {2) 
~dt 



(7) 
(8) 



where Q 2 = —q 2 denotes the photon virtuality and 

t= (q- kif = (p-k 2 ) 2 , 

the momentum transfer squared. 

In general, each final state, ki + . . . + k n , contributes to the structure 
functions Ti P of the parton p via the projections 

Pltfv 



^Lp{ x i Q 2 ) 

•F ip (*^5 Q ) 



-g^n + 6 x 



p-q 



xm u{n \q,p) 



4 x 2 MZwj"' (») f q p ) suc h that 
p-q p 



n=l 



(9) 
(10) 

(11) 



with 

x = -^-. (12) 
2p-q K ' 

denoting the Bjorken variable of the photon-parton subprocess. 

The spin averaged proton structure functions F 2 and Fl, appearing (in 
the one photon exchange approximation) in the unpolarized inclusive lepto- 
production cross-section as 



d 2 a AttoS 



dx B jdy B j Sx Bi y^ 



1 - VBi + V -k) F 2 {x Bh Q 2 ) - %F L (x Bj , Q 2 



(13) 



are expressed via a standard convolution in terms of the parton structure 
functions and corresponding parton densities f p , 



F(x Bj ,Q 2 ) = £ /' -fjm) ^T ip (x,Q 2 ), i = 2,L. (14) 



Here, ^/S is the center-of-mass (cm.) energy of the lepton-hadron system. 
The corresponding Bjorken variables are defined as usual 

*m = ap^; = — k , (15) 

where P (k) is the four-momentum of the incoming proton (lepton). 

As outlined in the Introduction, we shall consider in this paper only the 
contributions from the simplest instanton-induced, chirality-violating photon- 
gluon process, corresponding to one massless quark flavour (rif = 1), 

7*(?) + g(p) - ql(^i) + Mh) ; (AQ 5 = A (Q R - Q L ) = 2) . (16) 

It will be very instructive to compare with the appropriate leading-order 
perturbative QCD amplitudes for the chirality- conserving process (Fig. 0), 

7*(<?) + g(p) - qZfa) + qr(* 2 ) ! (AQ 5 = A (Q R - Q L ) = 0) . (17) 

at the various stages of the instanton calculation. Therefore, for reference, 
let us summarize the well-known perturbative results next (see any textbook 
on perturbative QCD, e.g. Ref. 0]). 

Let us use two-component Weyl-notation for the (massless) fermions in- 
volved, in order to facilitate the comparison with the instanton calculation 
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later on. The leading-order amplitude for the perturbative process ( |PTD 
(Fig. ||) then reads, 

^'(7* + g^qI + qL)= (18) 

e q 9s t A xUh) 

where the two-component Weyl-spinors Xl,r satisfy the Weyl-equations, 

k XL (k)=0; k XR (k) = 0, (19) 

and 

XL{k)x\{k) = k- XR(k)xUk) = k. (20) 
In Eqs. (|18| - p0|) and throughout the paper we use the abbreviations, 

v = Vfj. ; v = f M cf M , for any four-vector u^, (21) 

where the familiar <r-matrices[] satisfy, 

+ GvOp = 2g /lu . (22) 

1 We use the standard notations, in Minkowski space: = (1,£?), ct m = (1,—a), and 
in Euclidean space: = (—if?, 1), = (i<7, 1), where cr are the Pauli matrices. 



cr, 



(q - K 
(q-h 



(q - h 



xdh) 
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Finally, in Eq. (0), t A , A = 1, . . . , 8, are the SU(3) generators, e q is the quark 
charge in units of the electric charge e, and g s is the SU(3) gauge coupling. 

With help of Eqs. ([19]), ( p2|) and the on-shell conditions k\ = k\ = 0, the 
gauge-invariance constraints, 



0; 







(23) 



are easily checked. 

Next, we obtain the leading-order contribution of the process ( |i~7"l) to 
Wg v (<?? V) by contracting Eq. ( |T8D with the gluon polarization vector e£ (p) 
and taking the traces in Eq. @ by means of relations (^) and (p2|). Averag- 
ing over the initial-state gluon polarization and colour amounts to an overall 
factor 1/16. The final result for the projections needed in Eqs. (0), (|9]), and 
( |T(]| ) then reads 



dW^ (2) 

" (7* 



dt 



g -> qL + qzj 



4tt 2Q 2 



m t 1 — a; Q 4 
- + --2 — 

t u x tu 



(24) 



p • g (it 

-t - g 2 /s. 



(7* + g ->• Ql + Ql) = e, — 



where u 

Upon integrating Eq 
vergencies for t,u — > 0. 



a, x (1 — xl 



4 7T 



Q 2 



(25) 



]24|) over t, we encounter the familiar collinear di- 
In order to isolate the hard contributions to the 
gluon structure functions, it is adequate to regularize the collinear singu- 
larities by introducing an infrared cutoff scale /x c in the integration limits, 
{— Q 2 /x + /i 2 , — /x 2 }. On account of Eqs. (§), (|i~0|), one then obtains the 
familiar results^ in the Bjorken limit, 



2.y 



x,Q 2 ;/i 2 ) 



2^ 



x 



X 



In 



In 



x 



+ 3 x (1 — x) 



l + O 



(26) 




2 When comparing with the literature, one has to remember that we considered only 
the production of a qTqz, pair (c. f. Eq. (17)). In the full 0(a s ) contribution to the gluon 



structure functions, the production of a q^ pair has also to be included. This amounts 
to multiplying Eqs. (|26|), (f27|), by a factor of 2. 
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Lg 



(x,Q 2 )=e 2 q 



7Y 



s 



x 2 (1 — x) , 



(27) 



with the splitting function 



P qg {x)= l - (x 2 + (l-x) 2 ) . (28) 



Of course, the finite part of the structure function T^j* , that is everything 
except for the large logarithm, ln(Q 2 //ic), is scheme dependent. 



3 The Instanton-Induced Process 



7* + g + m 



In this section, we turn to the central issue of this paper. We consider the 
simplest instanton-induced exclusive process, 7* + g — > qZ + qj?, and compute 
its contributions to the fixed angle differential cross-section and the gluon 
structure functions Tig and J-'ig, in leading semi-classical approximation. 

To this end, the respective Green's function is first set up according to 
standard instanton-perturbation theory in Euclidean configuration space || 
[T7|, |TB|, |T^, 0], then Fourier transformed to momentum space, LSZ amputated, 
and finally continued to Minkowski space. 

The basic building blocks are (in Euclidean configuration space and in 
the singular gauge): 

i) The classical instanton gauge field U A^,\ 



depending on the various collective coordinates, the instanton size p and 
the colour orientation matrices U k a . The U matrices involve both colour 
(k = 1, 2) and spinor (a = 1, 2) indices, the former ranging as usual only 
in the 2x2 upper left corner of 3 x 3 SU(3) colour matrices. Indices will, 
however, be suppressed, as long as no confusion can arise. 




(30) 



(29) 
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ii) The quark zero modes Q, k and 



K 



2tt 2 x 4 U 3 J 2 ' 



(31) 
(32) 



and 



iii) the quark propagators in the instanton background \ T7 \, 
S {I \x,y) = 



(33) 



U X Uy 



x-y 



2n 2 (x - y) A 



1 + P 2 



UxyW 



S {I \x,y) 



U X Uy 



x-y 



2n 2 (x-y) 4 



1 + P 2 



X 2y2 



UxyW 



+ 



Ux{x- y)(y^yU ] 



An 2 x 2 (x — y) 2 y 4 Hy 



(34) 



x 2 y 2 



+ 



Am 



Uxa^x - y)yW 



An 2 Il x x 4 (x - y) 2 y 2 



The relevant diagrams for the exclusive process of interest, Eq. (|T6|), are 
displayed in Fig. || in leading semi-classical approximation. The amplitude 
is expressed in terms of an integral over the collective coordinates p and the 
colour orientation U, 



rl 

^V(7* + g-qI + qi ? )= Jjd(p^ r ) J dU A a ^,(p,U) ; a =1,2,3, 



where 



d(p,[i r ) = d 



2tt 



« S (Pr 





2tt 


1 ex p 


a s (/i r )_ 



(35) 



(p/v) A+ ^ (/3l - 12A,) , (36) 



denotes the instanton density P, [L8|, |1^, P0|| , with p, r being the renormaliza- 
tion scale. The form (|36"D of the density, with next-to-leading order expression 
for a s (/jL r ), 



An 



A> In (§) 



1 A ^Hfe 

* ln(g) 



(37) 
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p 

Figure 3: Instanton-induced chirality-violating process, 7* (q) + g(p) — > 
qZ(^i) + 0^(^2)5 i n leading semi-classical approximation. The correspond- 
ing Green's function involves the products of the appropriate classical fields 
(lines ending at blobs) as well as the quark propagator in the instanton back- 
ground (quark line with central blob). 




p 



is improved to satisfy renormalization-group invariance at the 2-loop le- 
vel |Z0J . The constants (3q and (3\ are the familiar perturbative coefficients of 
the QCD beta-function, 

2 38 
= 11 --Ti/; /3 1 = 102- — n f , (38) 

and the constant d is given by[] 

d= ^ e -3C 2+ n / C 3) (39) 

with C\ = 0.466, C 2 = 1.54, and C 3 = 0.153, in the MS-scheme. In our case, 
we should of course take 71/ = 1 in Eqs. fl3~8"|) and fl3~9|) . 

Before analytic continuation, the amplitude A^^ entering Eq. (|35|) takes 
the following form in Euclidean space, 



3 Strictly speaking, the constant d is known only to 1-loop accuracy. In Ref. pOj , only 
the ultraviolet divergent part of the 2-loop correction to the instanton density has been 
computed. 
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A a ^ = -ie q HmjHtr [a a A^{p))x 



(40) 



lim (ik 2 ) K (-k 2 )V®(q,-h) 



+ V^(q,-k 2 ) lim 



XL(fcl) 



with contributions W ,w ) from the diagrams on the left and right in Fig. |3|, 
respectively, 



Vftfa-h) = fd 4 xe~ iqx 
Vj?\q,-k 2 ) = I (V.r r- u <- 1 



[x) a a lim (x, —ki) (—iki) 

feJ-K) 



lim (ik 2 ) (—k 2 , x) k(x) 

fcf-+0 

and generic notation for various Fourier transforms involved, 

/(...,*,...)= f<r.rv u '-'f( ,-....). (43) 



(41) 
(42) 



The LSZ-amputation of the classical instanton gauge field A^/ in Eq. ( fiCf ) 
and the quark zero modes k and <p m Eqs. ( O ) and (E2j), respectively, is 
straightforward 0, 



lim p 2 tr (^^(p) 
lim (ik 2 rnU-k 2 ) 



2tt 2 



p 2 tr[(7 a C7 ^'-VPl ^1 , ( 44 ) 



lim ?jK)(-i^ = 2 7rp 3 / 2 e;9(5 (f/ty 



(45) 
(46) 



On the other hand, the LSZ-amputation of the quark propagators 
and S"^" 1 in Eqs. ( f4T|) and (|42|), respectively, is quite non-trivial and has 



important physical consequences, as we shall see below. We give here only 
the final result and refer the interested reader to Appendix A where the 
details of the calculation can be found: 
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lim S {1) (x,-k x ) (-ik?. 



(47) 



-1 



i ki-x 



lim (i k 2 ) S {1) 



i k2-x 



tt 



1 p 2 

l + 2x~ 2 



-k 2 ,x) 



1 

1 + 2 x 2 



ki ■ x 



1 -e 



— i fci 



(48) 



Uk 2 xW 



k 2 ■ x 







-i k2-x 



It should be noted that the first terms in Eqs. (|4~7), ([48|), corresponding 
to the 1 in square brackets, were argued to be present on general grounds 
already in Ref. [[Hp. The remaining terms, however, have not been given 
in the literature. As we shall see below, they play a very important role in 
ensuring electromagnetic gauge invariance. 

The Fourier transforms entering Eqs. ([|l]) and (0), respectively, can now 
be done with the help of Eqs. ( pTTD and ([4"8"D. The result is (see Appendix B), 



+ 



i \ 2 q ■ ki 

[e (q-h) Zf M ] 7Q 1 [eha^ 



f [PvQ 



(49) 



(q - k,) 2 



q ■ ki 



V («) Ql (g,-A; 2 ) = 2 Trip 3 / 2 IT*. 



1 



(y^k 2 e 



Q'7 



+ 



c>7 



2 q-k 2 

1 c*7 

(y^k 2 e 



f [PVQ' 



(50) 



(q - k 2 ) 2 2 g ■ fc 2 

with the shorthand ("form factor"), 

f(u) =uKi(u), 
in terms of the Bessel-K function, implying the normalization, 

/(0) = 1. 



(51) 
(52) 
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The next step is to insert Eqs. (|Sp, (§D]), and (f£§-|§]) mto E Q- © and 
to perform the integration over the colour orientation according to Eq. (|35| ) 
by means of the relation, 



duu k , (uYiUKi^y, 



(53) 



1 r 

6 



6 T r 8\ 5 pi 5* + <fV 5/ 5* + e T/9 , e lft e r 7 e. 



7' Xfc 



A k 7' 7 



After analytic continuation to Minkowski space we find for the scattering 
amplitude, Eq. 



(7* + S - + <lfl) = -i 7T vr 4 tjL a a f dp d{p, p r ) x 



(54) 



xU fc a) (o-^p-pa^)V(q,k 1 ;p)a^-a^ l V(q,k 2 ;p)(a^p-pa^) xdh) 



with the four-vector Vx 



VA(?,fc;p) 



(g ~ k )\ , fc A 

-(g-A;) 2 2g-fc 
kx 

P 



(q-kfKJpJ- (q-kf 



2q ■ k 



-q 2 KAp 



(55) 



At this stage of our instanton calculation, the gauge-invariance const- 
raints, Eqs. (0), can easily be checked. While the relation T^,p^ = holds 
trivially, the electromagnetic (e.m.) current conservation q^T^, = follows 
again from the relations (p2|) of the a-matrices, the Weyl-equations (0) and 
the on-shell conditions k\ = k\ = 0. Electromagnetic current conservation 
provides also for a non-trivial check of our result for the amputated quark 
propagators, which differs somewhat from the result quoted in Ref. pifl : If 
we keep only the first terms in Eqs. (f47|), ([48|), corresponding to the 1 in 
square brackets, e.m. current conservation would only hold for a restricted 
set of momenta in phase space, namely for (q — ki) 2 — (q — & 2 ) 2 . 

Furthermore, we note one of the main results of this paper: The integra- 
tion over the instanton size p in Eq. ([54]) is finite. In particular, the good in- 
frared behavior (large p) of the integrand is due to the exponential decrease of 
the Bessel-K function for large p in Eq. flSS]). Its origin, in turn, can be traced 



back to the "feed-through" of the factor 1 / vTT^, by which the amputated 
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(current) quark propagators ( fT7|) and (^) in the /-background essentially 
differ from the respective amputated free propagators. If the current-quark 
propagators in Eqs. (f£ip and (|i2[) are naively approximated by the free ones 
(c. f. Eqs. (B3), (|D), 



S (0) (*,?/) 



ar- j/ 



27r 2 (a; - y) z 



2tt 2 (x - yY 



(56) 



the result is both gauge variant and contains an IR-divergent piece in the p 
integration. 

We have thus demonstrated explicitly and to our knowledge for the first 
time that the typical hard scales (Q 2 , . . .) in deep- inelastic scattering provide 
a dynamical IR cutoff for the instanton size (at least in leading semi-classical 
approximation) . 

Now we are ready to perform the final integration over the instanton size 
p by inserting the instanton density, Eq. (0), into Eq. (|>|). The result is: 



(7*+g^qZ + qi?) = 

13/2 



(57) 



.V2 
3 



— i— —dn 3 e 



2tt 



a s (p r 



exp 



2tt 



a s (p T 



2T 



r 



6 + 3 



a a x 



XRih) [(<VP - P<v) v(q, h; /i r )a M - a^v(q, k 2 ; p r ) (^'P - XL(h), 
with the four- vector v\, 

v x (q,k;p r ) = (58) 

6+1 ' 



1 

//,. 



-(q-k) 2 ' 2q-k 



+ 



6+1 



//,. 



(9-*)' 



2g ■ /c VV^T 



In Eqs. ( |5"T| ) and (|58"|), the variable 6 is a shorthand for the effective power of 
pp r in the instanton density, Eq. (|36|), 



& = /3 + ^^ (A- 12 A,) 



(59) 



The next steps consist in contracting the amplitude, Eq. fl57|), with the 
gluon polarization vector & g (p) and taking the modulus squared of this am- 
plitude according to Eq. (El). After applying Eq. (|20"D, the remaining spinor 
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traces can be evaluated, in principle, by repeated use of Eq. (^). For the 
actual calculation, however, we used FORM and, for an independent check, 
the HIP package for MAPLE. The final result for the relevant projections 
(c.f. Eqs. (0), (H), and fllOD) of the contribution of the /-induced process (|16D 
to the differential gluon structure tensor is found to be 



dWtt u{2) 



dt 



(7* + g -» ql + q/?) 



2tt 



^Af 2 , 

16 \a s (n r 



13 



exp 



An 



Q 2 



x 



(60) 



1 — x 

~Q 2 ~ 



'Q 



2\ &+1 



(t + g 2 )(n + g 2 ) 



4^2 ( 27T \ 13 
16 la s (/i r W 



47T 



a s (// r 



Q 2 



■ t u 



6+1 



1 m 3: 
T r)2 



l-.r 



W 2 , 



6+1 



m + Q 2 



(61) 



Here we have introduced the shorthand 



r 



'6 + 3 s 



(62) 



In Eqs. ( |60D and (|6l|), the t <-> u symmetry is manifest. 

Upon inserting Eqs. (|60"D , (j6T|) into Eqs. (0), @, and fllOD , we see that 
the contribution of the /-induced process (|T6| ) to the differential cross-section 



dojdt and the differential gluon structure functions, dT^l / 'dtjdJ 7 ^/ 'dt, is 
well-behaved as long as we avoid the (collinear) singularities for t, u — > 0. 
This is illustrated in Fig. f|, where we compare the differential cross-sections, 
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Figure 4: Differential cross-sections, da /d cos 6 [nb], of the /-induced 
chirality-violating process ( |i6|) and the perturbative chirality- conserving pro- 
cess (|17"D , both for fixed cm. scattering angle, 9 = 90°, A = 0.234 GeV, 



e g = 2/3, and // r = Q. Top: For fixed x = 0.25, as function of Q [GeV]. 
Bottom: For fixed Q = 10 GeV, as function of x. 
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da / cos 9, of both the /-induced process, Eq. (|H]), and the perturbative pro- 
cess, Eq. (0), where 

2 

t= (l-cos0) . (63) 
2x 

We note that the renormalization-scale dependence of the /-induced cross- 
section in Fig. H is very small, due to the renormalization-group improved 
density (p6|). 

Let us address at this point the important question concerning the range 
of validity of the present calculation. Specifically, let us examine the con- 
straints emerging from the requirement of the dilute instanton gas approx- 
imation following Refs. |23|, 12, 2l|. Along these lines one finds that 



instantons with size 

p > p c ~ 1/(500 MeV) (64) 

are ill-defined semi-classically [^5j , corresponding to a breakdown of the dilute 
gas approximation. On the other hand, using the form of our p integral in 



Eqs. (0), Q55" ), we may determine the average instanton size (p) contributing 



for a given virtuality 



Q = min f Q, = -0= sin -, \/ — u = cos - I , (65) 

\ y/X 2 fZ 




according to 

oo 

J dp p p b+1 K^p Q) 

<p> = ^ ^ b -±AlA. (66 ) 

Jdpp^K^pQ) * 
o 

Hence, with Eq. ([64]) and Eq. fl59|) , we find that the virtuality Q should obey 

Q (>) > (5-6) GeV. (67) 

In particular, our results in Fig. || (top) for the /-induced differential cross- 
section, da/dcosO, at 9 = 90° and x = 0.25, should be taken seriously only 
for Q (= Q) > (5 - 6) GeV (since here sf^i = = Q/^2x > Q). 

Thus, like in the perturbative case, fixed-angle scattering processes at 
high Q 2 are reliably calculable in (instanton) perturbation theory (at least in 
leading semi-classical approximation). 

Next, we note that the contributions flBPP, ( pTj ) of the /-induced exclu- 
sive process ([16]) to the differential gluon structure functions are much more 
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singular (oc (—t,—u) for t — > 0,u — > than the perturbative ones 



oc 



-t, 



. This leads to a much stronger scheme dependence |14| than 



in the perturbative case. 

Let us have a closer look at this feature. We regularize the collinear 
divergence of the t integral along the same lines as in perturbation theory, 
i.e. we restrict the integration to the interval {— Q 2 /x+fi^, — At 2 }- On account 
of Eqs. (|), ([njh we then obtain for the hard contributions of the /-induced 
exclusive process (|16|) to the gluon structure functions, 



29 



{x,Q 2 ;fi 



e 2 



2tt 



13 



exp 



47T 



x 



x(l 



X 



1 + 



Q 2 



(68) 



Lg 



{x,Q 2 ;fi 2 c ) 



2tt 



— A/" 2 , 

2 \a s (fi r 



13 



exp 



47T 



a s (/i r 



Q 2 



x(l 



X) 



1 + 



Q 2 



(69) 



In the Bjorken limit, Q 2 /fi 2 — > 00, but with /U 2 //U 2 fixed, we find from 
Eqs. (|68|) and (|B"9"D, respectively, 



lim n 



■AT 



l ' u ' iR) (x,Q 2 ;nl 
2tt 



13 



exp 



47T 



' fi 2 \ b x (1 — x) 



(70) 



lim ^W;^) = 



(71) 



lim 



F2g LqR \ X ^ Q i AO 2xJ-"} 







Hence, in this limit, the considered /-induced process gives a scaling contri- 
bution to JF 2s and the analogue of the Callan-Gross relation, Ti g = 2xJ r i g , 
holds. In particular, this means that the same parton distribution can ab- 
sorb the infrared sensitivity of both structure functions, J 7 ^^ and J r i l g L ' lR \ 



This is one of the prerequisites of factorization [26|. 
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4 Conclusions and Outlook 



In this paper, we studied QCD-instanton induced processes in deep-inelastic 
lepton-hadron scattering. The purpose of the present work was to shed fur- 
ther light on the important questions around the IR-behaviour associated 
with the instanton size. In order to eliminate unessential technical com- 
plications, we have reduced the realistic task of evaluating the /-induced 
cross-sections of the chirality violating multi-particle processes (illustrated 
in Fig. (5) _ 

7* + g ul + u R +d L + d R +sZ + s R + n g g, (72) 

to the detailed study of the simplest one, without additional gluons and with 
just one massless flavour (n/ = 1), 

1 *(q)+g(p)^qE(k 1 )+q R (k 2 ). (73) 

We have explicitly calculated the corresponding fixed angle cross-section and 
the contributions to the gluon structure functions within standard instanton 
perturbation theory in leading semi-classical approximation (Sect. 3). To 
this approximation, fixed-angle scattering processes at high Q 2 are reliably 
calculable. In the Bjorken limit, the considered /-induced process gives a 
scaling contribution to T 2g and the analogue of the Callan-Gross relation, 
Tig = 2xTi g , holds. 

All along we focused our main attention on the IR behaviour associated 
with the instanton size. Gauge invariance was kept manifest along the cal- 
culation. 

As a central result of this paper and unlike Ref. 0, we found no IR 
divergencies associated with the integration over the instanton size p, which 
can even be perfomed analytically. We have explicitly demonstrated that the 
typical hard scale Q in deep-inelastic scattering provides a dynamical infrared 
cutoff for the instanton size, p<0(l/Q). Thus, deep- inelastic scattering may 
indeed be viewed as a distinguished process for studying manifestations of 
QCD-instantons. 

In Ref. ||, the /-induced contribution to deep-inelastic scattering of a 



virtual gluon from a real one |TTJ, g*g =>- g*g, served as a simplified role model 
for the splitting into a IR-finite contribution (p<l/Q) and an IR-divergent 
term (large p) . As speculated by one of the authors |2jJ , the occurence of the 
IR-divergent term could well have been due to the lacking gauge invariance 
of this model, associated with the off-shellness of one of the initial gluons. In 
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fact, one may enforce gauge invariance by replacing the instanton gauge field 
Ajp (x) describing the virtual gluon by the familiar gauge- invariant operator 



x 



[x + oo, x] G^l(x) [x, x + oo], 



where G^(x) is the instanton field-strength, and 

ig s J dX e ■ A^'(x + Ae) 



(74) 
(75) 



is a gauge factor ordered along the lightlike line in the direction e p 
xp t± )/(2p-q). In this case the IR-divergent term is, indeed, absent [p7j . Since 
our present calculation is manifestly gauge-invariant, the absence of an IR 
divergent term fits well in line with these arguments. 

A further main purpose of the present calculation was to provide a clean 
and explicit discussion of most of the crucial steps involved in our subsequent 
task fl4| to calculate the dominant /-induced contributions coming from final 
states with a large number of gluons (and three massless flavours, say). 

Let us close with some comments on the generalization to the more re- 
alistic case with n g gluons in the final state, which is entirely straightfor- 
ward |14], Instead of Eq. (53), the corresponding amplitude involves, 
in leading semi-classical approximation, the additional factors from the n g 



gluons (c.f. Eq. 



a a\ ...an 



(7* + 



)), 

qE+qn + n g g) 



(76) 



i e q 4 Ti 2 I — 



7T 



J dU J dpd(p, n r ) p 2rig 



x tr 



'"9 

a a U [e g (p) ■ p - e g (p) p] rf] ]J tr [a a > U [e g ( Pi ) pi - e 9 ( Pi ) ■ Pi ] U[ 



x {[UXR(h)e] [eV(q,k 1 ;p)a f , X L(ki)U^ 

- UxUh)o-,V(q,k 2 -p)e] [e XL {h) tf] } , 

where the four- vector V\ is again given by Eq. (|55|) . Besides the enhancement 
by a factor of (7r 3 /a s ) 1//2 , each additional gluon gives rise to a factor of p 2 
under the /-size integral. The IR-fmiteness of this integral is, however, not 
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altered by the presence of the additional overall factor of p 2 ™ 9 , on account of 
the exponential cutoff oc exp[— pQ] from the Bessel-K function in the "form- 
factors" contained in V\(q,k;p), Eq. (pUp. We also note, that the amplitude 



(|76| ) satisfies e.m. gauge invariance. 

In analogy to electro- weak (B + L)-violation [|J, one expects || || the 
sum of the final-state gluon contributions to exponentiate, such that the total 
/-induced 7*g cross-section takes the form (at large Q 2 ), 



a 



CO 

1*9 



x,Q 2 



E 



a 



(0 



y x, Q 



(77) 



dx' 



dQ 



12 



Q' 2 " Q 



12 



exp 



47T 



a s (Q r 



F(x') 



where the so-called "holy-grail function" j| F(x') (normalized to F(l)=l) is 
expected to decrease towards smaller x', which implies a dramatic growth of 
a!yJ g (x,Q 2 ) for decreasing x. 



Appendix A 



Here we want to derive Eqs. fl47|) and (|48|) for the LSZ-amputated quark prop 



agators. Let us first consider the Fourier transform of the quark propagator 
( |33| ) which we write as 



SM(x,-*)= * ^(Ofo-*), (78) 

V^X i-l 

where 

s^\x,-k) = (79) 

d 4 y e ik - y 



2 [x - (-id k )} (-id k ) (-id k ) J 



(2tt) 2 (( x _ yff (y a + pfft ( y2) i/2 



s®(x,-k)= (80) 
,2 _ . r d 4 y e ik y 



2^[x-(-id k )]Ux(-id k )U^ J 



(27r) 2 (( X - 2/ )2) 2 ( 2/ 2 +p2) l/2 (2/2) l/2' 
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s®(x,-k)= (81) 
•> 2 r _ , . r d A y e iky 



x — (—idi 



a 



(27T) 2 ( X - yf (3,2 + p 2)3/2 (y2) l/2 " 



Our strategy to analyze the k 2 — > limit of Eqs. ( [79] - PT] ) starts by partially 
evaluating the master integral, 

d 4 y e lky 

((x - y )T (y 2 + P 2 f (y 2 Y 



I(-k;x,p;a,/3,j) = / j—^- ,„, Q , — , (82) 



by means of the Feynman parametrization (see e.g. 
1 



A a BPC"i 



(83) 



Y(a + p + 1 ) fi /-i (a6) a - 1 (a(l-&))^ 1 (l-a) 7 " 1 
da a do- 



r(a) r(/3) T( 7 ) Jo Vo ~" [ a fc A + a (1 - 6) 5 + (1 - a) Cf +/3+7 ' 

With the help of Eq. ( |8"3"D , it is possible to show that Eq. flg2] ) can be expressed 
as 

I{-k;x,p;a,P,i) = (84) 

2l-(a+/3+7) 



/ daa^'^l-ay- 1 [ dbb a ~ l (1 - fef" 1 e 1 
jo jo 



r(a)r03)r( 7 ) 

2-(a+/3+7) 

/ ^/x z ab(l — ab) + p z a[l — b) \ 

x 



x f^2-(a+/3+ 7 ) ( V k 2 \Jx 2 ab{\ - ab) + p 2 a(l - 6) 

Next we insert Eq. ([84]) into Eqs. (|79|)-(|8TD, perform the various deriva- 
tives, and expand the integrand with respect to k 2 — > 0. Finally, the re- 
maining Feynman parameter integrations are done. After this procedure we 
find: 
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lim s^\x, — k)(— i k) 



lim s^ 2 '(x, — k)(— i k) 



lim s (3) (x, -k)(-i k) 



— e 



ik-x 



IP 2 



2 x 2 • x 



k ■ X ^ 



IP 2 



UxkW 



2 x 2 k ■ x 



-I 1 



A k-x 



k ■ x 



(85) 



,(86) 



(87) 



Thus, on account of Eq. (78), the on-shell residuum of the quark propagator 

j) for the 



(|33| ) is given by Eq. (|47|). A similar reasoning leads to Eq. 
residuum of the quark propagator (|34|). 



Appendix B 

Our task is to derive Eqs. (|49|), (|50"D, corresponding to the 7*- quark vertex 
y(t,u) j n [ eac ii n g_ orc i er /-induced amplitude. We will concentrate on the 
derivation of Eq. (fI5|), since the derivation of Eq. ([50]) is completely analo- 
gous. 

Let us recall the definition of Vj^ , but now with indices written explicitly, 



v («) 



fj, mX 



(q,-k) = / d'xe-' 1 ^ ${x)W^ a lim S^ l m {x,-k) (-ik 



Inserting Eqs. (|32|) and (pETD into Eq. (|8|) we obtain for the vertex, 

->3/ 2 , 1 



(*) 



fj, m\ 



(q, ~k) 



P 



7T 



d 4 xe -i(,-fc),a 



(x 2 + p 2 y 



(89) 



x e 7 5 |xcr 



mJ a 



2 x 2 



x 



kW 



k ■ x 



(1 



-i k-x 



The matrix structure in Eq. ( j39|) can be simplified using 



e 7< 5 [x a 



- } 5 
w a 



x 



kU ] 



A ' 



(90) 
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which follows from the transposition rules of the cx-matrices. Thus Eq. 
can be rewritten as 



(q,-k) = - P — d 4 xe-^ q - k > x 

7T J (x 2 4- 



x 2 + p 2 y 



(91) 



x 



(l-e- [k - x ] 



The remaining d A x integration in Eq. ( pi]) can be done with the help of the 
following formulae [k 2 = is always understood), 



d l xe -i{q-k)-x 



X 



{x 2 + P 2 y 



-2tt 2 i 



{q-kf 



psJiq-kYK^psJiq-k)- 
1 



(x 2 + p 2 ) 2 (k ■ x) 



2 7T 2 i 



1 1 



q ■ k p' 



p^q-kfK^p^q-kfj 



d 4 xe- iqx 



1 



2?r 2 i 



(x 2 + p 2 ) (k ■ x) 
X pJ^K x (pJq 2 



q ■ k p 2 

By means of these basic integrals, we obtain finally for the vertex, 

Vf mA 2 Triple,, ([/t) 7 m 

f [(<? - k) W„)\ 



x ■ 



(q-kf 



■pyj{q-kfK x (p^{q-kfj 



1 [kV 10 



W A 



2 g • k 
in accordance with Eq. ([49] 



Pv(q-k) K 1 [pJ(q-k) - pJq 2 K 1 [pJq 



(92) 



(93) 



(94) 



(95) 
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